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Introduction

PACECRAFT pointing poses a complex problem involving

nonlinear dynamics with either linear and/or nonlinear con-
trol laws. Primary control actnators usually include thrusters for
rapid and coarse attitude maneuvers and reaction wheels for slow
and precise attitude maneuvers. Other types of control mechanisms
include gravity-gradient stabilization and magnetic torquer assem-
blies. Control algorithms can be divided into open-loop systems and
closed-loop (feedback) systems. Open-loop systems usually require
a predetermined pointing maneuver and are typically determined
using optimal control techniques that involve the solution of a two-
point boundary value problem. An example of open-loop control is
the time-optimal attitude maneuver (e.g., see the excellent survey
paper by Scrivener and Thompson'). Closed-loop systems can pro-
vide robustness with respect to spacecraft modeling uncertainties
and unexpected disturbances.

The control technique used in this Note is based on sliding
mode (variable structure) control.? This type of control has been
successfully applied for spacecraft pointing and regulation using
both a Rodrigues (Gibbs vector) representation® and a quaternion
representation.* An advantage of the quaternion representation is
that singularities in the kinematic equations can be avoided. How-
ever, the use of quaternions requires an extra parameter, which leads
to a nonminimal parameterization. The Rodrigues parameters pro-
vide a minimal (i.e., three-dimensional) parameterization. However,
a singularity exists for 180-deg rotations, which hinders this param-
eterization for extremely large angle rotations. This difficulty may
be overcome by applying successive rotations, each less than 180
deg. However, the overall maneuver may require extra control au-
thority and power requirements, which may not be necessary. In this
Note, a sliding mode controller is developed based on the modified
Rodrigues paramcters.”® Advantages of using this attitude repre-
sentation include the following: 1) rotations of up to 360 deg are
possible, and 2) the parameters form a minimal parameterization.

Attitude Kinematics and Dynamics
- Inthis section, a brief review of the kinematic equations of motion
using the modified Rodrigues parameters is shown. This parame-
terization is derived by applying a stereographic projection of the
quaternions. The quaternion representation is given by

g= [q”] M
qa

with
q1
.. (0
giz=| 92 | =nsin (5) (2a)
q3
s = cos(6/2) (2b)
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where # is a unit vector corresponding to the axis of rotation and
6 is the angle of rotation. The modified Rodrigues parameters are
defined by®

P =q13/(1 +q4) =Rtan(6/4) 3

where p is a 3 x 1 vector. The kinematic equations of motion are
derived by using the spacecraft’s angular velocity (w), given by®

p=3{0-p"P L3+ 20px1+2pp" Jw @

where I3,3 is a 3 x 3 identity matrix and [px] is a 3 x 3 cross-
product matrix defined by

0 —p3 p
[px]= 2] 0 —pm (5)
- P1 0

The dynamic equation of motion is given by Euler’s equation, de-
fined by

w=J"Jwxlw+J 'u (6)
where J is the spacecraft’s inertia (3 x 3) matrix and u is a torque

input.

Sliding Mode Controller

In this section a sliding mode controller is developed using the
modified Rodrigues parameters. It is assumed that measurements of
both the spacecraft attitude and angular rate are available, which may
be provided by a Kalman filter. The nonlinear model for spacecraft
motion is summarized by

p=F(pw (72)
w=fw)+J'u (7b)
where

F(p)= {0 -p"P Lus +20px1+2pp" ) (8a)
fw) =T [Jwxw (8b)
Under ideal conditions, the state trajectories move onto a sliding

manifold (s = 0), where s is given by
s=w—m(p) %)

The quantity m(p) is obtained using a desired vector field from the
kinematic relations,? given by

m(p) = F~'(p)d(p) 10)

where
F(p) =41 +p"p)*{(1 —p"P) s — 2[px1+2pp" } (1)

The quantity d(p) is formed by allowing a linear behavior in the
sliding motion, given by

d(p) = A(p —po) 12)

where p, is the desired reference trajectory and A is a diagonal
matrix with negative elements. This allows for decoupled sliding
motions and exponential convergence toward the final desired orien-
tation. The sliding mode controller that produces a negative definite
derivative of the Lyapunov function s”s is given by?

d
u= —J{f(w) - %[F(p)m(p) + F(p)s] + K sat(s, s)} (13)

where K is a 3 x 3 positive definite, diagonal matrix. The saturation
function is used to minimize chattering in the control torques. This
function is defined by

1 for s; > ¢
s;/e for |s;| <e¢
-1 for s < —¢

sat(s;, &) = i=1,23 (14

where ¢ is a small positive quantity.
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Fig. 2 Plot of closed-loop angular velocity trajectories.

Regulation

The regulation problem requires that the final spacecraft position
be zero (i.e., unity quaternion). This corresponds to desired modified
Rodrigues parameters given by p;, = 0. Also, the A matrix in
Eq. (12) is assumed to be given by a scalar (1) times the identity
matrix, which leads to

m(p) = 4 (1+p"p) {1 —p"P) B3 — 20 px1+2pp" Jp (15)

This relation can be simplified significantly by applying some cross-
product relations, which leads to

m(p) =4r(1+p'p)”'p (16)
The partial derivative of Eq. (16) with respect to p is given by
om _ -
5 —#a +p" ) B —20+p"p) "} (A7)

Tracking

The tracking problem requires the system attitude to follow a
desired reference trajectory. Equation (10) for the tracking problem
is derived to be

m(p) =4 (1+p"p)'p—4r(1+p"p)?

x {1 =p"p)Iy3 — 20px1 +2pp" }pu (18)

The partial derivative of Eq. (18) with respect to p is given by
om _ T -1 _ Toyoio T
o = D) {Bys =20 +p"p) 'pp"}

=8 (1 +p ) {ppl —pap” + [pax]+ (PIp) 53}
+166(1 +p"p) {1 = p"P) 33 — 2[px] + 2pp" Jpap”
(19)

Spacecraft Simulation

The spacecraft simulation involves a multi-axis rest-to-rest ma-
neuver. The inertia matrix for the simulated spacecraft is given by*
J = diag[114, 86, 87]kg-m’ (20)

The initial conditions for the angular velocity are set to zero, and the
initial conditions for the modified Rodrigues parameters are given by
p(t) =[-0.1 05 1.01" @1

The desired attitude parameters are set to zero (i.e., the regulation
case). The diagonal elements of K in Eq. (13) are all set to 0.0015,
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Fig.3 Plot of applied control torques.

and the constant A is set to —0.015 s~!. The parameter ¢ in the satu-
ration controller is set to 0.01. Also, the control torques are limited to
1.0 N-m. A plot of the closed-loop modified Rodrigues parameters
is shown in Fig. 1. Also, plots of the angular velocity trajectories
and applied control torques are shown in Figs. 2 and 3, respectively.
Using Eq. (3), the rotation for the initial conditions in Eq. (21) is ap-
proximately 193 deg. Therefore, converting the modified Rodrigues
parameters shown in Fig. 1 to quaternions® reveals that the scalar
(fourth) quaternion crosses the zero point. Therefore, the Gibbs vec-
tor control formulation in Ref. 3 becomes singular but is easily han-
dled by the modified Rodrigues parameter control formulation.

Conclusions

In this Note, a sliding mode controller was developed for attitude
pointing using the modified Rodrigues parameters. The modified
Rodriques parameters represent a minimal parameterization with
a singularity at 360 deg. These parameters avoid the normalization
constraint associated with the quaternion parameterization and allow
for rotations of greater than 180 deg for which the Gibbs vector
parameterization becomes singular. Simulation results indicate that
the new algorithm was able to accurately control the attitude of a
spacecraft for large-angle maneuvers.
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Introduction

HE suppression of vibration is of continuing interest in ro-

torcraft technology. Because of periodic excitation inherent in
forward flight, a rotorcraft is subject to varying dynamic and aerody-
namic loads. These variable loads act on the main rotor, and attempts
to alleviate them provide the motivation for many studies of various
rotor design concepts and of the application of active control either
to rotor pitch (higher harmonic control and individual blade control
concepts)! or to specially designed additional devices.?

A tab mounted at the blade trailing edge has generated much
interest recently for additional rotor control. This has arisen from
prospects of providing the driving mechanism for the tabs through
smart structure technology.? Several analytical and experimental
studies have been carried out to obtain insight into different aspects
of its application.? Tabs driven by piezoelectric benders were tested
experimentally on a rotor model in hover.’

Physical phenomena involved in applications of the *“smart tab”
are aeroelastic [i.e., including both dynamic (inertia and elastic
loads)] and aerodynamic phenomena.

To achieve the required goal a proper control strategy should be
applied to the system. Consideration has been given to open loop
in Ref. 6, and control algorithms of mainly optimal linear quadratic

Received Jan. 9, 1996; revision received June 21, 1996; accepted for
publication June 22, 1996. Copyright © 1996 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

* Associate Professor, Institute of Aeronautics and Applied Mechanics,
ul. Nowowiejska 24, 00-665. Senior Member AIAA.

TProfessor, Department of Mechanical Engineering and Aeronautics,
Northampton Square.



